We discuss an opportunity to achieve amplification without inversion in three-level cascade scheme using an effective unidirectional pumping via bidirectional incoherent pump. Analytical solution to the population and the coherence are obtained in the steady-state regime. With a proper choice of the parameters, obtained here, the possibility for amplification without inversion is presented.
I. INTRODUCTION
It is well known that a conventional laser requires population inversion on the lasing transition. But in late 80's it was proposed [1] [2] [3] and later demonstrated experimentally [4] [5] [6] that this condition of population inversion does not hold true in general when more than two levels are involved in the interaction. In a typical three-level configuration, it is possible to break the detail balance and cancel or suppress absorption while keeping the stimulated emission intact. This is the basis of lasing without inversion (LWI). Many schemes for lasing without inversion has been proposed [1] [2] [3] [7] [8] [9] [10] [11] [12] [13] (see also the overviews [14] [15] [16] [17] ). The key to all the schemes proposed and realized is quantum coherence and interference effects. Indeed the generation of short-wavelength radiation is one of the core application of lasing without inversion where fast spontaneous relaxation times makes the realization of population inversion difficult. Necessary condition for amplification without inversion (AWI) has been obtained and AWI has been related to inversion in field reservoir [18] , AWI has been shown for a medium in a thermal equilibrium [19] (without any inversion including inversion in field reservoir), LWI without external coherent drive [20] , LWI due to coherence excited via spontaneous decay [21] , mechanisms of LWI have been discussed in [22, 23] , extension to free electron lasers [24] , to gamma-ray region [25] . The quest for X-ray lasers, have motivated researchers in this area, to explore different schemes of lasing with or without inversion [26] .
In this paper we start with a brief review of the steady-state gain without population inversion in a three-level medium (cascade configuration) with incoherent pumping (symmetric and bidirectional) between the ground state |a and the excited level |c (as shown in Fig. 1(a) ). Similar scheme with asymmetric, symmetric and unidirectional incoherent pumping has been addressed extensively [27, 28] in context with lasing on the X-Ray transition of Ar 8+ at wavelength around 26nm. When we have a symmetric incoherent pump, though the lasing transition never reaches population inversion, it also never exhibits amplification and shows absorption. This undesirable outcome can be overcome if we introduce a new level |p (as shown in Fig. 1(b) ). We show that if the symmetric and bidirectional pump is introduced in the transition |p ↔ |b , the probe transition |b ↔ |p can exhibit gain without population * Email: pkjha@physics.tamu.edu inversion. The main result of this paper is the Fig. 2(c) and the relation Eq. (19) .
The paper is organized as follows. In section II, we briefly review the gain(absorption) profile of a three-level medium in cascade configuration in steady-state regime with incoherent coupling (symmetric and bidirectional) between the ground state |a and the excited level |c . In section III, we show that by introducing a fourth level |p , coupled to the ground state by a bidirectional incoherent pump, the probe transition |a ↔ |b can exhibit amplification without population inversion [see Fig 2( c)] for a proper choice of the parameters. We also show some light on the temporal behavior and the effect of probe detuning (∆ b ) on the gain for the fourlevel model. In Appendix A, we have briefly discussed the three-level model in Λ−configuration and show that the system can exhibit gain even in the presence of a symmetric and bi-directional pump between the lower two levels.
II. THREE-LEVEL MODEL
We consider a three-level model as shown in Fig. 1(a) . The transition |c ↔ |a is driven by a coherent driving field and the transition |a ↔ |b is excited by a weak probe field. The population in transition |c ↔ |a is also exchanged using an incoherent symmetric and bi-directional pump at a rate λ. The atom-field Hamiltonian in the interaction picture with rotating-wave approximation can be written as [29] 
(1) Here Ω a and Ω b are the Rabi frequencies of the driving and the probe field respectively. We define the detuning ∆ a = ω ca − ν a and ∆ b = ω ab − ν b [30] . In this model the spontaneous decay in the channels ab, ca are quantified by the parameter γ b , γ a respectively. Incorporating the decay rates, the equation of motion for the atomic density matrix is given as ( = 1) where the atomic lowering (σ i ) and rising operators (σ † i ) are defined as
The equations of motion for the density matrix element ab , cb and ca is given by (for real Ω a , Ω b )
Here
For a weak probe field, a firstorder solution for ab (which determines the gain/absorption of the probe field) can be found in the steady state
where
ll is the zeroth-order population in the level |l . For resonant interaction(∆ a,b = 0), if we look at Eq.(5), the imaginary part of ab denoted by [ ab ] has two contributing terms. While the first term is proportional to the population inversion ∝ bb i.e population inversion in probe transition for amplification [31] . For three-level model it is the second term which provides the necessary conditions required for lasing without population inversion.
II.1. Steady-state analysis
The equation of motion of the density matrix elements ll are given by
The exact steady-state solution for the coupled Eqs. (6) is complex even for resonant interaction (∆ a,b = 0) [32] [33] [34] . To obtain solution in compact analytical form, we employed the zeroth order approximation in the probe field and obtained for the steady-state populations
. Using Eqs. (5,7), we obtain the first-order solution for
The condition for non-inversion
bb [18, 35] gives
From Eq. (9), we see that for a symmetric and bidirectional incoherent pumping in the transition |c ↔ |a , population is never inverted in steady state if λ < γ b i.e rate of incoherent pump should be less than the rate of radiative decay from |a → |b . We know that the imaginary part of ab i.e [ ab ] governs the gain(absorption) in the probe transition. For gain(absorption) in the |a ↔ |b transition we need
As [ ab ] > 0, the probe transition will always exhibit absorption in steady-state. To conclude, in the presence of a bi-directional symmetric incoherent pump between |c ↔ |a levels, the probe transition will never exhibit gain in Ξ-configuration. However this can be overcome in case of an asymmetric bi-directional pump [27, 28] . In the next part of this paper we studied a four-level model with bi-directional incoherent pump between the ground state |b and an additional fourth level |p as shown in Fig. 1(b) and discuss the opportunity to observe amplification without inversion. 
III. FOUR-LEVEL MODEL
We will now consider a four-level model shown in Fig.  1(b) , the atom-field interaction in the interaction picture with rotating-wave approximation is also given by Eq. (1). The spontaneous decay in the channel pc and pb are given by the parameters γ c and γ p respectively. Incorporating these additional decay rates, the equation of motion for the atomics density matrix is
whereγ p = γ p + Λ and the atomic lowering (σ i ) and rising operators (σ † i ) are defined as 
III.1. Steady-state analysis
In steady-state we obtain the zeroth-order population [see Appendix for calculations]
where, D = 2Ω
III.2. Gain condition
From the condition for non-inversion
We can easily see from Eq.(15), for Λ < γ b /2, the system will never shows population inversion in steady state [see Fig.2  (a) ]. Using Eq. (5,14) , we obtain the first-order solution for (1) ab as
To observe gain in the probe transition we obtain the necessary condition as
Now to observe gain without population inversion Eqs. (15, 18) should be satisfied simultaneously. Thus we can summarize the condition for amplification without population inversion in steady-state as
When Λ ≤ γ b /2, there is no upper limit for γ c for which the probe transition |a ↔ |b will exhibit amplification without population inversion in steady state. From Fig. (2) we observe that, the probe transition |a ↔ |b can exhibit amplification without population inversion even when we have a symmetric bi-directional incoherent pump. Till now we have analyzed the steady-state behavior of the four-level mode when both the probe and driving field are resonant with the corresponding transition. To study the effect of detuning on the gain, let us solve the Eq.(11) numerically and the results are shown in Fig.(3) . Here we have plotted the steady-state value of [ ab ] and [ cb ] as a function of probe detuning and resonant drive (∆ a = 0). For the parameters used in Fig. 3 , the probe transition will exhibit gain
To study the evolution of the population and the coherences we will now consider the transient behavior of the four-level medium. Another reason to study the transient regime is that the temporal behavior of the coherence ab (t) gives us the information about the time interval in which the probe transition will exhibit gain(absorption). This information is readily used in transient lasing without inversion. The probe or the seed pulse is properly delayed so that it enters and cross the medium when the probe transition is exhibiting amplification. In this section we will show some light on the transient behavior of the four-level model and the main results are shown in Figs. (4,5) . In Fig. 4 we have plotted the transient behavior of the population inversion in different transitions. In steady state, we see that for the parameters used in the numerical simulations we will never observe population inversion i.e aa + cc + pp − bb < 0. Infact the system is never inverted at any instant of time (see curve I Fig. 4 ). Inversion is only observed in the transition |p ↔ |c till γ b t ∼ 2. In Fig. 5(a) we have plotted the temporal evolution of the populations of all the levels. Although the population of the ground state decreased monotonically, the population in level |p monotonically increases and reaches the steady state after time γ b t ∼ 1. The populations in the level |a shows some oscillatory behavior, but for the particular choice of the parameters used for numerical simulations, the amplitude of these oscillations are very small. The population in the level |c closely follow aa (t). In Fig. 5(b) we have plotted the imaginary part of ab (t) denoted by [ ab (t)] and the real part of cb (t) denoted by [ cb (t)]. The behavior of [ ab (t)] is also oscillatory. When [ ab (t)] > 0, the probe transition goes through absorption while for [ ab (t)] < 0 it exhibits amplification. At resonant drive and probe excitation, the coherence ab is purely imaginary consequently from Eq. 13(b) we obtain,
Now the condition for amplification of the probe field [ ab (t)] < 0 in the transient regime can also be written as
Thus the transient gain condition Eq. (20) involves only the population dynamics of the levels |a , |b and |p . In short we can say the probe field observe transient gain when the growth of the ground-state population exceeds combined effect of the atoms entering, per unit time, (due to incoherent decay γ b aa +γ p pp ) and leaving (due to incoherent pumping to the level |p given by the rate Λ bb ) [36, 37] .
IV. CONCLUSION
To conclude, in this paper we studied the possibility of steady state amplification without inversion in a four level medium using a symmetric and bi-directional incoherent pump. The four-level model studied here can be conceived as an equivalent three-level model in cascade configuration with a effective uni-directional pumping needed for steadystate gain. If we consider a bi-directional symmetric pumping in the transition |c ↔ |b the probe transition does not exhibit gain. Though this is true for Ξ-configuration, Λ-configuration can exhibit gain under such circumstances. In the steady state regime, we found the range of the parameters needed to achieve the amplification without inversion as shown in Fig.  2(a,b,c) . We have also briefly highlighted the transient behavior of the system and observed that for the parameters considered here for amplification without inversion in steady-state, the system never shows population inversion at any instant of time. 
Similar to the earlier discussion, at resonance and in the zeroth order approximation for the probe field we obtained for the steady-state populations
c . Expression for ab is the same as Eq. (5) with Ω a → Ω c . Using Eqs.(A5), we obtain the first-order solution for
To observe gain in the probe transition requires (for large Ω c )
For symmetric bi-directional pump (Λ = λ), Eq. (A7) reduces to γ c > γ b which is also the necessary condition for lasing without inversion. Thus for γ c > γ b , the Λ-configuration exhibits gain in the probe transition in the presence of a symmetric bi-directional pump between the lower two levels. No population inversion
For symmetric bi-directional pump, Eq. (A8) reduces to γ b > λ which is the same for three-level model in Ξ-configuration. We see that for Λ-configuration the probe transition can exhibit amplification in the presence of the symmetric bi-directional pump unlike the Ξ-configuration. To the zeroth order approximation in the probe field we obtained for the steady-state populations (resonant drive and probe excitation)
where R = κ(γ b Γ ca + 2Ω 
From Eq. 13(a) (for real Ω a ), we obtain,
Combining Eq.(C1,C2) we get,
aa .
From Eq. 13(c), we obtain,
Combining Eq.(C1-C4) we get,
From Eq. 13(b), we obtain, 
Using conservation of the population we obtain the zerothorder population
where, D = 2Ω ca is given as
Using Eq. 4(c) and Eqs. (C8), we can also easily obtain an analytical expression for (1) cb . Using similar line of action we can also obtain the populations and coherences for the threelevel models in Λ and Ξ configurations and the results are used in the text.
